Introduction {#Sec1}
============

After transverse oscillations of coronal magnetic loops were first observed by the *Transition Region and Coronal Explorer* (TRACE) in 1998 and were reported by Aschwanden *et al.* ([@CR1]) and Nakariakov *et al.* ([@CR5]), they attracted enhanced attention from theorists. These oscillations were interpreted as fast kink standing waves in magnetic flux tubes. Initially the simplest model of a straight homogeneous magnetic tube (*e.g.* Ryutov and Ryutova, [@CR10]; Edwin and Roberts, [@CR2]) was used for the theoretical studies of coronal-loop transverse oscillations. Later more sophisticated models taking into account such effects as the plasma density variation along and across a tube, the presence of flows, and loop cooling were developed. For a review of the theory of coronal-loop oscillations see, *e.g.*, Ruderman and Erdélyi ([@CR7]).

The majority of studies on coronal-loop kink oscillations were carried out in the approximation of linear magnetohydrodynamics (MHD). Studies of nonlinear coronal-loop kink oscillations are sparse. Ruderman ([@CR6]) and Ruderman, Goossens, and Andries ([@CR9]) analytically studied nonlinear propagating kink waves. Ruderman and Goossens ([@CR8]) also analytically investigated the effect of nonlinearity on standing kink waves in magnetic tubes with the density varying along the tube. There were also a few numerical studies of nonlinear kink oscillations of magnetic tubes (*e.g.* Terradas *et al.*, [@CR11]; Magyar, Van Doorselaere, and Marcu, [@CR4]; Magyar and Van Doorselaere, [@CR3]).

This study is motivated by the discussion in a meeting of an international group led by G. Verth and R. Morton at the International Space Science Institute (ISSI). In this meeting (Terradas, Magyar, and Van Doorsselaere [@CR12]) presented the results of the study of nonlinear kink oscillations of a magnetic tube. In particular, they reported the appearance of a fluting perturbation of the tube boundary excited by an initially imposed kink oscillation. The period of the fluting perturbation was equal to the half period of the kink oscillation, and its amplitude took its maximum at the centre of the magnetic tube. Some of the meeting participants insisted that the fluting perturbation must be the first harmonic of the first fluting mode. The amplitude of this harmonic is zero at the tube centre.

Ruderman, Goossens, and Andries ([@CR9]) and Ruderman and Goossens ([@CR8]) predicted the excitation of the fluting perturbation with the frequency equal to the double frequency of the kink mode. They also predicted that the amplitude of the fluting perturbation is proportional to the amplitude of the kink mode squared. However, their results cannot be directly compared with those reported by Terradas, Magyar, and Van Doorsselaere ([@CR12]) because Ruderman, Goossens, and Andries ([@CR9]) studied propagating waves, and Ruderman and Goossens ([@CR8]) concentrated on the nonlinearity effect on the kink oscillations of a magnetic tube strongly stratified in the longitudinal direction.

This article aims to study analytically the excitation of a fluting perturbation by an initially imposed kink mode and compare the analytical results with the numerical results obtained by Terradas, Magyar, and Van Doorsselaere ([@CR12]). The article is organised as follows. In the next section we formulate the problem and write down the governing equations and boundary conditions. In Section [3](#Sec3){ref-type="sec"} we use the regular perturbation method to study the excitation of fluting perturbation. Section [4](#Sec6){ref-type="sec"} contains the summary of the results obtained and our conclusions.

Problem Formulation and Governing Equations {#Sec2}
===========================================

We use the cold-plasma and thin-tube approximations. In the unperturbed state $\documentclass[12pt]{minimal}
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Below we assume that the tube is thin: $\documentclass[12pt]{minimal}
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In accordance with the definition, $\documentclass[12pt]{minimal}
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An important property of this system of equations is that it does not contain $\documentclass[12pt]{minimal}
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The system of Equations [7](#Equ7){ref-type=""} -- [11](#Equ11){ref-type=""} with the boundary conditions in Equations [13](#Equ13){ref-type=""} and [14](#Equ14){ref-type=""} is used in the next section to study the generation of fluting perturbations by a kink mode.

Generation of Fluting Perturbations {#Sec3}
===================================
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The First Order Approximation {#Sec4}
-----------------------------

In the first-order approximation we collect the terms of the order of $\documentclass[12pt]{minimal}
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The Second-Order Approximation {#Sec5}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial v_{r2}}{\partial T} + \frac{1}{\rho}\frac{\partial P_{2}}{\partial r} - \frac{B}{\mu_{0}\rho}\frac{\partial b_{r2}}{\partial Z} &= \frac{\pi^{2} R^{2}[f(r) + g(r)]}{r^{3}} \bigl[C_{k}^{2}\cos^{2}(\Omega T) \cos^{2}(\pi Z/R) \\ &\quad {} - V_{A}^{2}\sin^{2}( \Omega T)\sin^{2}(\pi Z/R) \bigr], \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial v_{\phi2}}{\partial T} + \frac{1}{\rho r}\frac{\partial P_{2}}{\partial\phi} - \frac{B}{\mu_{0}\rho} \frac{\partial b_{\phi2}}{\partial Z} &= 0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{gathered} \frac{\partial b_{r2}}{\partial T} = B\frac{\partial v_{r2}}{\partial Z}, \qquad \frac{\partial b_{\phi2}}{\partial T} = B \frac{\partial v_{\phi2}}{\partial Z}, \qquad \frac{\partial(rv_{r2})}{\partial r} + \frac{\partial v_{\phi2}}{\partial\phi} = 0, \end{gathered}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{gathered} v_{r2} - \frac{\partial\eta_{2}}{\partial T} = \frac{R\Omega}{4} \bigl\{ f(r) + \bigl[f(r) + 2g(r)\bigr]\cos2\phi \bigr\} \sin(2\Omega T)\cos^{2}(\pi Z/R) \quad \mbox{at} \ r = R, \end{gathered}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{gathered} P_{e2} - P_{i2} = R^{2}\Omega^{2}( \rho_{i} - \rho_{e})\sin^{2}(\Omega T) \cos^{2}\phi\cos^{2}(\pi Z/R) \quad \mbox{at} \ r = R. \end{gathered}$$ \end{document}$$ When deriving Equation [40](#Equ40){ref-type=""} we took into account that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(r) + g(r) = 0$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r < R$\end{document}$.

Using Equation [42](#Equ42){ref-type=""} to eliminate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{r2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$b_{\phi2}$\end{document}$ from Equations [40](#Equ40){ref-type=""} and [41](#Equ41){ref-type=""} we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{gathered} \begin{aligned}[b] \frac{\partial^{2} v_{r2}}{\partial T^{2}} - V_{A}^{2} \frac{\partial^{2} v_{r2}}{\partial Z^{2}} + \frac{1}{\rho}\frac{\partial^{2} P_{2}}{\partial r\partial T} &= - \frac{\pi^{2} R^{2}\Omega[f(r) + g(r)]}{r^{3}} \bigl[C_{k}^{2}\cos^{2}(\pi Z/R) \\ &\quad {} + V_{A}^{2}\sin^{2}(\pi Z/R) \bigr]\sin(2\Omega T), \end{aligned} \end{gathered}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{gathered} \frac{\partial^{2} v_{\phi2}}{\partial T^{2}} - V_{A}^{2}\frac{\partial^{2} v_{\phi2}}{\partial Z^{2}} + \frac{1}{\rho r}\frac{\partial^{2} P_{2}}{\partial\phi\partial T} = 0. \end{gathered}$$ \end{document}$$ Using Equation [37](#Equ37){ref-type=""} to eliminate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{r2}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$v_{\phi2}$\end{document}$ from Equations [45](#Equ45){ref-type=""} and [46](#Equ46){ref-type=""} we obtain the equation for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$P_{2}$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} r\frac{\partial}{\partial r}r\frac{\partial^{3} P_{2}}{\partial r\partial T} + \frac{\partial^{3} P_{2}}{\partial\phi^{2}\partial T} & = \frac{4\pi^{2}\rho R^{2}\Omega[f(r) + g(r)]}{r^{2}} \bigl[C_{k}^{2}\cos^{2}(\pi Z/R) \\ &\quad {} + V_{A}^{2}\sin^{2}(\pi Z/R) \bigr]\sin(2\Omega T). \end{aligned}$$ \end{document}$$ Differentiating Equation [44](#Equ44){ref-type=""} with respect to time yields $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial P_{e2}}{\partial T} - \frac{\partial P_{i2}}{\partial T} =& \frac{1}{2} R^{2}\Omega^{3}(\rho_{i} - \rho_{e}) \sin(2\Omega T) (1 + \cos2\phi)\cos^{2}(\pi Z/R) \quad \mbox{at} \ r = R. \end{aligned}$$ \end{document}$$ We look for the solution to Equation [47](#Equ47){ref-type=""} satisfying the boundary condition of Equation [48](#Equ48){ref-type=""} in the form $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\partial P_{2}}{\partial T} = \Omega \bigl[\widetilde{P}_{0}(r,Z) + \widetilde{P}_{2}(r,Z)\cos2\phi \bigr]\sin(2\Omega T). $$\end{document}$$ Substituting this expression in Equations [47](#Equ47){ref-type=""} and [48](#Equ48){ref-type=""} we obtain the equations and boundary conditions $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial}{\partial r}r\frac{\partial\widetilde{P}_{0}}{\partial r} &= \frac{4\pi^{2}\rho R^{2}[f(r) + g(r)]}{r^{3}} \bigl[C_{k}^{2}\cos^{2}(\pi Z/R) + V_{A}^{2}\sin^{2}(\pi Z/R) \bigr], \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{\partial}{\partial r}r\frac{\partial\widetilde{P}_{2}}{\partial r} - \frac{4}{r} \widetilde{P}_{2} &= 0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{P}_{e0} - \widetilde{P}_{i0} &= \widetilde{P}_{e2} - \widetilde{P}_{i2} = \frac{1}{2} R^{2}\Omega^{2}(\rho_{i} - \rho_{e}) \cos^{2}(\pi Z/R) \quad \mbox{at} \ r = R. \end{aligned}$$ \end{document}$$ The solutions to Equations [50](#Equ50){ref-type=""} and [51](#Equ51){ref-type=""} that are regular at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r = 0$\end{document}$, vanishing as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r \to \infty$\end{document}$, and satisfy the boundary conditions in Equation [52](#Equ52){ref-type=""} are given by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{P}_{0} =& \frac{\pi^{2}}{4} f(r) \bigl\{ C_{k}^{2}\bigl[(\rho_{i} - \rho_{e})g(r) - (\rho_{i} - 3\rho_{e})f(r)\bigr]\cos^{2}(\pi Z/R) \\ &{}+ 2\rho V_{A}^{2} f(r)\sin^{2}(\pi Z/R) \bigr\} , \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \widetilde{P}_{2} =& \frac{r^{2}}{4} f(r) \bigl[ \Omega^{2}(\rho_{i} - \rho_{e}) g(r) \cos^{2}(\pi Z/R) + f(r)Q_{2}(Z) \bigr], \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q_{2}(Z)$\end{document}$ is an arbitrary function. Now we use Equations [43](#Equ43){ref-type=""}, [49](#Equ49){ref-type=""}, [53](#Equ53){ref-type=""}, and [54](#Equ54){ref-type=""} to write Equation [45](#Equ45){ref-type=""} as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r \to R$\end{document}$ from inside and outside. As a result we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\rho_{i}\frac{\partial}{\partial T} \biggl(\frac{\partial^{2}\eta_{2}}{\partial T^{2}} - V_{Ai}^{2}\frac{\partial^{2}\eta_{2}}{\partial Z^{2}} \biggr) + \frac{1}{2} R \Omega Q_{2}(Z)\sin(2\Omega T)\cos2\phi \\ &\quad = \frac{\pi^{2}\Omega C_{k}^{2}}{2R}\sin(2\Omega T) \bigl[\rho_{i} + ( \rho_{i} - \rho_{e})\cos2\phi\cos^{2}(\pi Z/R) \bigr] , \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\rho_{e}\frac{\partial}{\partial T} \biggl(\frac{\partial^{2}\eta_{2}}{\partial T^{2}} - V_{Ae}^{2}\frac{\partial^{2}\eta_{2}}{\partial Z^{2}} \biggr) - \frac{1}{2} R \Omega Q_{2}(Z)\sin(2\Omega T)\cos2\phi \\ &\quad = \frac{\pi^{2}\Omega C_{k}^{2}}{2R}\sin(2\Omega T) \bigl[\rho_{e} + ( \rho_{i} - \rho_{e})\cos2\phi\cos^{2}(\pi Z/R) \bigr] . \end{aligned}$$ \end{document}$$ Now we impose the condition that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta_{2}$\end{document}$ is a periodic function of time with the zero average. Then, adding these two equations and integrating the obtained equation with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T$\end{document}$ yields $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\partial^{2}\eta_{2}}{\partial T^{2}} - C_{k}^{2}\frac{\partial^{2}\eta_{2}}{\partial Z^{2}} = - \frac{\pi^{2} C_{k}^{2}}{4R}\cos(2\Omega T) \biggl(1 + \frac{\rho_{i} - \rho_{e}}{\rho_{i} + \rho_{e}}\cos2\phi \cos^{2}(\pi Z/R) \biggr). $$\end{document}$$ We look for the solution to this equation in the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta_{2} = \tilde{\eta}_{2}\cos(2\Omega T)$\end{document}$. As a result we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\partial^{2}\tilde{\eta}_{2}}{\partial Z^{2}} + \frac{4\pi^{2}\tilde{\eta}_{2}}{R^{2}} = \frac{\pi^{2}}{8R} \biggl(2 + \frac{\rho_{i} - \rho_{e}}{\rho_{i} + \rho_{e}} \cos2\phi\bigl[1 + \cos(2\pi Z/R)\bigr] \biggr). $$\end{document}$$ In follows from Equations [38](#Equ38){ref-type=""} and [43](#Equ43){ref-type=""} that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tilde{\eta}_{2}$\end{document}$ must satisfy the boundary conditions $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \tilde{\eta}_{2} = 0 \quad \mbox{at}\ Z = \pm R/2. $$\end{document}$$ The general solution to Equation [58](#Equ58){ref-type=""} with the boundary conditions in Equation [59](#Equ59){ref-type=""} contains the term $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C\sin(2\pi Z)$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C$\end{document}$ is an arbitrary constant. To eliminate this term we impose a viable condition that the solution must be symmetric with respect to the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Z = 0$\end{document}$ plane. This condition implies that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C = 0$\end{document}$. Then the solution is $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \tilde{\eta}_{2} = \frac{R}{32} \biggl[ \biggl(2 + \frac{\rho_{i} - \rho_{e}}{\rho_{i} + \rho_{e}} \cos2\phi \biggr) \biggl(1 + \cos\frac{2\pi Z}{R} \biggr) + \frac{\rho_{i} - \rho_{e}}{ \rho_{i} + \rho_{e}}\frac{\pi Z}{R}\cos2\phi\cos\frac{2\pi Z}{R} \biggr]. $$\end{document}$$ Now, recalling the definition of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tilde{\eta}_{2}$\end{document}$ and returning to the initial non-scaled variables, we eventually obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \eta_{2} = \frac{R}{16}\cos(2\omega t) \biggl[2 \cos^{2}\frac{\pi z}{L} + \frac{\rho_{i} - \rho_{e}}{\rho_{i} + \rho_{e}}\cos2\phi \biggl( \cos^{2}\frac{\pi z}{L} + \frac{\pi z}{2L}\sin\frac{2\pi z}{L} \biggr) \biggr]. $$\end{document}$$ We see that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\eta_{2}$\end{document}$ oscillates with a frequency equal to the double frequency of the kink oscillation. The second-order boundary perturbation is a superposition of the sausage perturbation that is independent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\phi$\end{document}$ and the fluting perturbation that is proportional to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\cos2\phi$\end{document}$. It is easy to show that the amplitude of the fluting perturbation takes its maximum at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z = 0$\end{document}$ and monotonically decreasing when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|z|$\end{document}$ increases from 0 to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L/2$\end{document}$. This result is in complete agreement with the numerical results reported by Terradas, Magyar, and Van Doorsselaere ([@CR12]).

Summary and Conclusions {#Sec6}
=======================

In this article we studied the excitation of a fluting perturbation of the boundary of a magnetic flux tube by an imposed kink oscillation. We used the MHD equations in the approximation of cold plasmas, *i.e.* we neglected the plasma pressure in comparison with the magnetic pressure. We also used the thin-tube approximation and scaled the dependent and independent variables accordingly. Using this approximation enables us to eliminate the velocity component parallel to the background magnetic field and reduce the axial component of the induction equation to the condition that the plasma motion is incompressible.

To study the excitation of fluting perturbations by a kink oscillation we used the regular perturbation method where the dimensionless amplitude of the kink oscillation is used as a small parameter. The solution of the first-order approximation describes the kink oscillation. To solve the equations of the second-order approximation we imposed the periodicity conditions with respect to time on the dependent variables. The axial component of the induction equation contains the time derivative of the axial component of the magnetic-field perturbation. However, as we have already pointed out, in the thin-tube approximation this equation reduces to the condition that the plasma motion is incompressible and, thus, the time derivative is eliminated. As a result, the order of the system of MHD equations with respect to time reduces from five to four. This implies that we can impose only four periodicity conditions with respect to time. Hence, we imposed the conditions that the radial and azimuthal components of the velocity and magnetic-field perturbation are periodic functions of time with the zero averages, while we did not impose any conditions on the magnetic pressure perturbation.

We solved the equations of the second-order approximation and obtained the expression for the tube boundary perturbation. This perturbation is a superposition of sausage and fluting perturbation. Both perturbations oscillate with the frequency equal to the double frequency of the kink mode. The amplitude of the fluting perturbation takes its maximum at the middle of the tube and monotonically decreases with the distance from the middle point. The first overtone with respect to the axial variables of the first fluting mode is not excited. These results are in a complete agreement with the numerical results obtained by Terradas, Magyar, and Van Doorsselaere ([@CR12]).
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